Abstract -While various models of multipath angular density are used for modeling MIMO fading channels, it is not known which one is the best, i.e. gives the highest channel capacity. We answer this question in two steps. First, we show that the asymptotic capacity of a broad class of MIMO channels (not necessarily Rayleigh-fading) with an arbitrary correlation structure does not depend on particular channel distribution, but only on the correlation between antennas. Second, the best multipath angular density, which eliminates the correlation and thus maximizes the asymptotic capacity of uniform linear antenna arrays, is shown to be non-uniform, which implies that the popular Clarke's model does not represent the best-case scenario. We identify the best angular density for different values of the antenna spacing. The Gaussian angular density (adopted in IEEE 802.11n) is shown to be near optimum when the spacing equals to the wavelength. Based on these results, practical guidelines for the antenna array design are given.
I. INTRODUCTION
There are two major propagation-related factors that affect the capacity of MIMO fading channels: antenna array configuration (e.g. element spacing) and the angular density of incoming multipath. A number of capacity optimization problems, which take into account these factors, have been formulated and solved. A systematic framework for adapting the antenna spacing to maximize the channel capacity in a sparse multipath environment is developed in [1] . The effect of capacity saturation in circular antenna arrays of a fixed aperture with the uniform angular density of the multipath has been analyzed in [2] . The uniform density within a sector has been investigated and the requirement on antenna element spacing has been formulated in [3] . Various models of nonuniform angular densities (e.g. Gaussian, Laplacian, cosine etc.) have been proposed and validated under various propagation conditions [4] .
The question traditionally asked in the prior works, in one form or another, is "what is the effect of such-and-such angular density on the channel capacity (correlation, diversity, etc.)?". Here, we turn the problem around and ask the following question: "what is the best possible angular density of multipath?". We are not targeting in building a model for a specific propagation environment, but rather we wish to know what is the best possible environment, in terms of multipath angular density. While being an intriguing question from a theoretical viewpoint, it is also practically-relevant. Specifically, such best density, once found, can serve as a benchmark for practically-existing densities to compare with, i.e. "how far away is such-and-such density (in such-and-such propagation conditions) from the best possible one?", which also can be transformed into a similar question in terms of the channel capacity (bit error rate etc.).
In the present paper, this problem is solved for a broad class of MIMO channels with uniform linear antenna arrays (ULA). While the relationship between propagation channel characteristics, antenna array design and the channel capacity are rarely amenable to closed-form analysis, we go around this problem by using an asymptotic approximation of the channel capacity (when the number of antennas is large), which allows us to obtain the best angular density in a closed-form and for a general class of fading channels (not only Rayleigh), and also an insight as to why it is of that particular form. This sizeasymptotic approach has already been used successfully in a number of studies, and has also been proven to be reasonably accurate for channels with a moderate number of antennas [5] .
We follow a standard approach in the antenna array literature and adopt the far-field assumption, as well as we use a simplified model of isotropic (ideal) antenna elements with no mutual coupling. The main contributions are as follows:
We show that when the number of antennas is large, the asymptotic outage capacity of a broad class of MIMO channels (not necessarily Rayleigh-fading) with an arbitrary correlation structure (not necessarily unitary-independent-unitary UIU, as in [5] ) does not depend on a particular channel distribution, but only on the correlation between antennas. The following widely-used models are included as special cases: the classic i.i.d. and correlated Rayleigh-fading channel with separable (Kronecker) correlation structure [4] , and i.i.d. zero-mean (not necessarily Rayleigh-fading) channel with finite forth-order statistics.
Using Szego Theorem [6] , we characterize the best multipath angular density that eliminates the correlation between all antennas and thus maximizes the asymptotic capacity of the broad class of MIMO channels, when the receive ULA and the multipath are located on a plane (2-D case). Specifically, (i) When the antenna spacing is greater than half a wavelength, there are infinite number of such densities (a condition on a density to belong to that class is given); (ii) When the spacing equals to one wavelength, the Gaussian angular density (adopted in IEEE 802.11n as a standard model [4] ) with the peak at the array broadside direction is near optimum; (iii) When the antenna spacing is half a wavelength, there is a single best density (given in a closed form); finally, (iv) When the spacing is less than the wavelength, there exists no density that is able to eliminate correlation between all antennas and, hence, to achieve the maximum asymptotic capacity (equal to that of an uncorrelated channel). The capacity-maximizing density is shown to be non-uniform, from which it follows that the popular Clarke's (Jakes's) model (e.g. the uniform angular density) does not represent the best case propagation scenario.
II. ASYMPTOTIC CAPACITY OF MIMO CHANNELS
Consider a MIMO channel with t n transmit and r n receive antennas under the following assumptions: (i) the channel state information (CSI) is available at the receive (Rx) end but not at the transmit (Tx) end, (ii) the total transmitted power is constrained to T P and does not depend on t n , (iii) the noise at the Rx end is spatially uncorrelated circular symmetric Gaussian and has identical power per each Rx antenna. The instantaneous capacity (i.e. the capacity of a given channel realization) per Rx antenna of a frequency flat quasi-static
where H is the channel matrix whose elements 
where is not a norm in the usual sense, since it is possible that for two matrices 1 2
. However, as we show later, in some cases the pseudo-norm is equivalent to the Frobenius norm.
Theorem 1: Let H be a complex circular symmetric random matrix (not necessarily Gaussian), and the following conditions are satisfied:
(ii) 
1 We show later on that this condition implies that t n increases much faster than r n .
Then
where p → denotes convergence in probability. Proof: due to Slutsky Theorem, and the fact that under conditions (4) (5), for any 0
n − ≥ε → HH R as t n or both t n and r n go to infinity, where Pr{} denotes probability.
Theorem 1 allows splitting the effect of correlation at the transmit and receive ends and indicates that in asymptotic approximation the channel capacity does not depend on a particular distribution of H , nor on the channel correlation structure, but only on r R . Moreover, under the conditions of Theorem 1, the channel "hardens" as the number of antennas increases, i.e. C converges to a deterministic value equal to the upper bound. As a special case, Theorem 1 includes a number of popular channel models for which result in (6) 
Consider a Rayleigh-fading and a non Rayleigh-fading MIMO channels (both with the same r R ) such that conditions (4) and (5) are satisfied. From Theorem 1, when the number of antennas is large in both channels, their instantaneous capacity converges to the same value given by the RHS of (6) . This motivates the following definition:
Definition 3: A MIMO channel is said to be asymptotically Rayleigh-like (in terms of capacity) if it satisfies conditions (4) and (5) .
Note that uncorrelated keyhole channels are not Rayleighlike, since in this case (5) Proof: due to Szego Theorem [6] . Despite the asymptotic nature, (6) and (8) approximate reasonably well the instantaneous capacity of MIMO channels with a moderate number of antennas ( 2 t r n n > ≥ ). To demonstrate this, Fig. 1 shows the capacity of a correlated Rayleigh-fading channel with the Kronecker correlation structure, when both t R and r R are given by the exponential correlation model with parameter r (the correlation between two adjacent antennas). The solid line represents the "true" mean capacity obtained by Monte-Carlo (MC) simulation and averaged over 3 10 channel realizations, the error bars illustrate ±σ deviation range of the instantaneous capacity around its mean value, and the doted lines demonstrate the asymptotic approximations in (6) and (8). In general, the gap between (6) and the "true" mean capacity increases with r . (8) coincides with (6) for small 0.2 r ≤
. In contrast to (6), the discrepancy between (8) and the "true" mean capacity decreases with r , so that the two are practically indistinguishable for 0.7 r ≥ . Note that in this case, the deviations of the instantaneous capacity around its mean are relatively small (see Fig. 1 ), i.e. the latter can be approximated with reasonable accuracy by the mean capacity, which, in turn, is well approximated by the integral in (8). Maximum Asymptotic Capacity: Using Hadamard inequality, 0 det( ) 1 ≤ ≤ R for any n n × correlation matrix R normalized such that tr n = R . Thus, it is straightforward to 2 Toeplitz correlation matrix physically corresponds to uniform antenna array geometry, when correlation depends on the spacing between elements only, but not on their positions.
show that the asymptotic capacity in (6) is maximal when r = R I, i.e. the channel is uncorrelated at the Rx end. In this case the spectrum of r R is
and the corresponding channel capacity per Rx antenna is max 0 ln(1 ) C = +γ , i.e. in the asymptotic approximation, each additional Rx antenna increases the total capacity by the amount equivalent to the capacity of an 1x1 AWGN channel. The multipath angular density that achieves the maximum max C for a broad class of MIMO channels is derived in the following sections.
III. BEST ANGULAR DENSITY Consider a channel where the multipath is randomly distributed on the XY plane. Let ( ) R x denote the spatial correlation between two antennas at spacing x . The multipath wave-number spectrum and the spatial correlation function are related by the Fourier Transform 1 ( ) (2 ) ( ) 
where u is the normalized spatial frequency. Combining (9) and (11) one obtains the condition to achieve the maximal capacity max C ; 
